Energy extraction efficiency of a free electron laser (FEL) can be greatly increased using a tapered undulator and self-seeding. An in-depth understanding of the tapering-related physics is required to explore the full potential of a tapered FEL, not only by tapering the undulator parameters in longitudinal dimension, but also optimizing the transverse effects. Based on the modified one-dimensional FEL model and GNESIS singlefrequency numerical simulations, we study the contribution of variation in electron beam radius and related transverse effects. Taking a terawatt-level, 120-m, hard X-ray, tapered FEL as example, we demonstrate that a reasonably varied, instead of a constant, electron beam radius along the undulator helps to improve the optical guiding and hence the radiation output.
INTRODUCTION
Recent results on single pulse coherent diffraction imaging of proteins [1] and viruses [2] using an X-ray free electron laser (FEL) show that the resolution can be improved by both increasing the number of the coherent photons and simultaneously reducing the pulse duration to about 10 femtoseconds (fs) or less, thus requiring a peak power of one terawatt (TW) or larger compared to the present values of 20 to 50 GW available at saturation from the self-amplified spontaneous emission (SASE) mode. Theoretical work done at DESY [3] and SLAC [4] shows that one way to increase the peak radiation power of a SASE X-ray FEL to the TW level is to use a tapered undulator, following a concept initially proposed by Kroll, Morton and Rosenbluth (KMR) [5] , together with the self-seeding option [6] .
The SLAC work shows the existence of a saturation effect that limits the efficiency of energy transfer from the electrons to the radiation to values below those predicted by the one-dimensional (1D) KMR theory [7, 8] . The work is based on numerical simulations, using the threedimensional (3D), time dependent codes GENESIS [9] and GINGER [10] . Studies suggest that the saturation effect is due to some combination of diffraction, refraction, radial dependence of the radiation field, and time dependent, slippage effects.
Better understanding of the limits and capabilities of a self-seeded tapered FEL requires an in-depth study of the 3D effects, in particular diffraction and refraction, absent from the 1D KMR analysis. While GENESIS and GINGER have been benchmarked against many experimental results and give a reliable evaluation of FEL performance, they require moderately long computing time, limiting the possibility of multi-dimensional, parametric optimization of FEL performance when 3D and time dependent effects are important. To this end we have developed a model of a tapered FEL, using the 1D KMR theory and the optical fiber approximation to describe 3D effects and optical guiding [11] [12] [13] [14] . While the model contains some approximations, it allows us to explore the full potential of a high-peak-power FEL not only by tapering the undulator parameters in longitudinal dimension but also by optimizing the transverse effects.
PHYSICAL MODEL Formulation
We have developed a modified 1D FEL physical model in Ref. [15] . A relatively simple introduction of the model is presented here. KMR use the Hamiltonian approach to derive the equations that describe the electrons' synchrotron oscillations in the bucket associated with the ponderomotive potential in terms of the wiggler magnetic field, wiggler period and radiation field [5] . The introduction of the synchronous phase r is used to formulate both the deceleration rate and the electron trapping fraction F t . However, the theory is onedimensional, and does not include any transverse effect.
By contrast, the optical guiding approach considers many important transverse effects. As shown in Refs. [11, 12] , coherent interaction between the radiation and electrons can optically guide and focus the light. Because of its microbunching, the electron beam has an effective complex index of refraction n,
where p is the electron plasma frequency, s = k s c is the radiation frequency with s = 2 /k s the radiation wavelength and c the speed of light, r b is the electron beam radius, a w = |e|B w /k w mc 2 and a s = |e|A s /mc 2 are the normalized vector potentials of the helical undulator and on-axis radiation field (an additional 2 1/2 factor in denominator for a linearly polarized undulator). surrounding the electron beam, by contrast, has a refraction index of 1.
We include the transverse effects revealed by the optical guiding approach in the framework of the 1D KMR theory and formulate a physical model explicitly with several principal assumptions (see Ref. [15] for more details).
Under the standard eikonal approximation, the normalized vector potential of the radiation field a s is where a s0 and are the slowly-varying on-axis amplitude and phase of the radiation field, respectively.
Similarly, we presume the initial electron beam profile obeys Gaussian distribution, where N e = f 0 (r)2 rdr is the initial electron population.
Both a s0 and r s will vary with z in a tapered FEL [12, 13] . From energy conservation, the changes in a s0 (z) and r s (z) in a small longitudinal distance z follow where the prime refers to the z-derivative. In Eq. (5), the first and second terms on the LHS are proportional to the radiation power increment due to radial expansion and growth in on-axis field, respectively. In following discussion, we denote them as E r (rad) and E a (rad).
Similarly we represent the term on the RHS as E(e-). 
As mentioned, after the initial saturation in a tapered FEL, Re(n) 1 and Im(n) << 1. Thus, in this region, V 2 can be written as [11, 13] 
In Eqs. (6) and (7), <sin > and <cos > are approximated by a radial average over only the trapped electrons [see Eq. (15)]. In Eq. (7), we assume that all the trapped electrons lie exactly at the resonant energy r mc 2 , with r in the form [ Note that F t (r, z) = 0 when r (r, z) = /2. Combining Eqs. (2), (10) and (11), one can see there is a maximum r beyond which there can be no trapped electrons, whose value is given by 
We assume the undulator taper begins from the initial saturation location. Starting from the electron and radiation beam parameters at initial saturation [15] , especially (a s0,sat , r s,sat , r,sat , F t,sat ), one can iterate Eqs. (2) through (15) to evolve these parameters in z along the undulator for a specific taper profile, without requiring the 6D phase space details of the electron and radiation beam distribution from a numerical simulation code.
IMPROVING OPTICAL GUIDING WITH VARIED TRANSVERSE FOCUSING
The presented model enables us to analyze the contribution of varying electron beam radius to the radiation output. Let us consider a gradually decreased r b in the latter part of a tapered undulator. Compared to the case with the same taper profile but a constant r b , the factor G and hence the optical focusing parameter K 2 will be slightly larger, leading to increased optical focusing and to smaller r s as well as smaller E r (rad). For a given taper profile, Eq. (4) predicts a larger a s0 , resulting in smaller r (r=0) and higher F t (r=0) [see Eqs. (10) and (11)]. On the other hand, a smaller r s leads to a smaller r max [see Eq. (12)], causing a higher r (r) and smaller F t (r) for electrons at large r. Thus, the detrapping of the electrons at large r will be more rapid, while the electrons around axis will detrap less rapidly. The stronger on-axis optical guiding on one hand will tend to lead to a more rapidly growing a s0 ; on the other hand, a smaller r s will increase diffractive effects. If one squeezes r b to too small a value such that the diffraction effect dominates, the energy extracted from the electron beam will contribute to rapid radial expansion of the radiation rather than growth in a s0 . Thus one expects there is an optimal value for a decreased r b . We note that, since G has been close to 1 in the latter part of the tapered undulator (generally r s ~ 2-3r b ), the expected change in G and overall optical guiding due to r b -variation is rather small. Thus we expect only a relatively small improvement from an r b -variation compared with what is attainable from optimizing the taper profile in z at fixed r b .
To test the contribution of a varied r b , for a 120-m, hard X-ray, tapered FEL, we start to decrease r b from the 30 m location by linearly increasing quadupole strengths. 
